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ABSTRACT 
Let A be an n X n irreducible matrix and A be an eigenvalue of A. We obtain 
some necessary and sufficient conditions for A to be a boundary point of the Cassini 
oval inclusion region of the eigenvalues of A. These results correct a classical result of 
A. Brauer. 
1. INTRODUCTION 
A. Brauer stated in [2] a theorem on the Cassini oval inclusion region of 
the eigenvalues of an irreducible matrix A as followc. 
THEOREM (A. Brauer). Let A = (aij) be an n x n irreducibEe matrix. 
Then a boundary point h of the union of ovals 
12 - a,,\ 12 - ajil < Ri( A)Rj( A), i Zj, i, j = 1,2 1-**> n, (1.0) 
where Ri( A) = C,, ,(aijJ, can be an eigenvalue of A only if h is a boundary 
point of each of all n(n - 1)/2 ovals of (1.0). 
This theorem, first stated in [2] and given again in [3], has been frequently 
referenced in the literature. For example, R. S. Varga state an analogue of it 
(see [5], Theorem [6] which becomes Brauer’s theorem if A is partitioned 
into 1 X 1 blocks). But the above conclusion is false. There is a counterexam- 
ple as follows. 
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EXAMPLE 1 [6]. Let 
1 
A,= [ 2 
1 1 
4 1 0 0. 1 2 
A, is irreducible and has an eigenvalue A = 0. Obviously, A is a boundary 
point of the union of the ovals 
12 - 1) 12 - 41 < 2 x 2, 12 - II I2 - 21 < 2 x 1, 
12 - 4112 - 21 =G 2 x 1, 
but it isn’t a boundary point of the oval 1 Z - 4) ) Z - 21 < 2 x 1. 
In this paper, we have modified Brauer’s result by applying some conclu- 
sions of Brualdi in [l] (we note that [I] also cited the false result of Brauer). 
2. NOTATION AND DEFINITIONS 
In what follows, A = (aii) denotes an n X n complex matrix; R,(A) = 
Cj+ilaijl, i = 1,2, . . . . n. We associate A with a directed graph T(A) as 
follows. The vertices of A are 1,2, . . . , n. There is an arc y from vertex i to 
vertex j for every aij f 0, i # j. The directed graph I’(A) depends only on 
the off-diagonal elements of A and has no loops. A path Pij from vertex i to 
vertex j (i # j) is a sequence i = i,, i,, . . . , i, = j of distinct vertices where 
- . . 
2oz1’...,z 3 are arcs. The length of Pij is p. If P&r), P,‘j), . . . , I’?) are all 
the paths from i to j, whose lengths are p,, p,, . . . , pm with p, =G ps (s # k, 
s = 1,2,..., m) respectively, then Pij (k) is called a shortest path from i to j. 
A circuit of r(A) is a sequence y of vertices i,, . . .A, i,, I = i,, where -- 
p 2 2, i,, i,, . . . , i, are distinct from one another, and iii,, . . . , i,_ ,i,, i,i,, 1 
are arcs of I’( A). We denote the set of circuits of r(A) by V(A). A directed 
graph is strongZy connected if, for each ordered pair of distinct vertices (i, j), 
there exists a path from i to j. 
We denote the ovals as follows: 
Djj = {z E c : tz - aiil Iz - czjjl < Ri( A)Rj( A)}, 
i,j = 1,2 a*..> 72, i Zj; 
cij = {Z E C : IZ - a,,1 1Z - uI~\ < Ri( A)R,( A)}, 
i,jE y, i #j, YE’S?(A). 
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Clearly 
UtiijG UDij. 
i+j i#j 
LEMMA 1 [4]. An n X n complex matrix A is irreducible if and only if its 
directed graph I’( A) is strongly connected. 
LEMMA 2 [l]. Let A be irreducible. Suppose 
with strict inequality f or at least one circuit y. Then det A # 0. 
3. RESULTS AND PROOFS 
THEOREM 1. Let A be irreducible. Suppose 
IaiiI IajjI 2 Ri( A)Rj( A), i,j E Y, i +j, YE E’(A), (1.1) 
with strict inequality for at least one circuit y I: 
r, s E Y', r # s. (1.2) 
Then det A # 0. 
Proof. Since A is irreducible, it follows from (1.1) that R,(A) > 0 and 
Jazij > 0 for i = 1,2,. . . , n. Then (1.1) implies that 
(1.3) 
for all i E y but at most one k E y. 
Let y be any circuit of T(A) of length p. Suppose p 2 3, and choose 
k, 1 E y such that 
IaiiI > Ri( A), i #k, i # 1, i E y, (1.4) 
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and 
(1.5) 
By multiplying all the inequalities in (1.4) and (1.5) we obtain 
t~yl"iil z iIJyRi( A)* (l-6) 
The strict inequality holds for at least one circuit y ‘, because by (1.2) 
lassI > R,(A) [or k.1 > %( A)]. (1.7) 
If k = r. then 
IaiiI 2 Ri( A), i # s, r,i E y’. (1.8) 
Multiplying (1.2) and (1.8): 
If k z r, then 
Iu,~I brrl a Rk( A) R,( A), (1.10) 
laijl a Ri( A), i # k, i-, s, i E y’. (1.11) 
Multiplying (l.lO), (l.ll), and (1.7), we obtain (1.9) again. 
Hence by Lemma 2, det A # 0. m 
TIIEOREM 2. Let A be irreducible. A boundary point h of the union of 
the ovals 
can be an eigenvalue of A only if A is a boundary point of each of the ovals 
12 - aii! jZ - ujjl < R,( A)Rj( A), i,j E Y, i #_j, YE%?(A). 
(2.1) 
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Proof. Since A is irreducible, so is hl - A (where Z denotes the 
identity matrix). A is a boundary point of the union of the ovals Dij, so A is 
not in the interior of any region 6,,. Thus 
I’ - aiiI IA - ajjI 3 Ri( A)R,( A), i #j, i,jE y, YEF(A). 
(2.2) 
Suppose for some oval 
12 - arrl/Z - ass/ < R,( A) A,( A), r,s E Y’, 
that A is not a boundary point of it. Then 
th - ur,.l IA - ass/ > R,( A)R,( A); 
hence by Theorem 1 det( AZ - A) f 0. This contradicts 
a( A) denotes the spectrum of A] and proves the theorem 
Y’ E g’(A), 
(2.3) 
h E cr ( A) [where 
n 1. 
COROLLARY 1. Let A be irreducible. A boundary point h of the union of 
theovalsDij(i#j,i,j= 1,2 ,..., n> can be an eigenvalue of A only if A is a 
boundary point of each of the ovals (2.1). 
To state Theorem 3, we need to prove the following lemma. 
LEMMA 3. Let T(A) be a directed graph which is strongly connected. 
Assume that vertex r and vertex s of r(A) do not lie on the same circuit of 
I’( A). lf P,, and PSr are shortest paths from r to s and s to r, respectively, 
and have k + 1 vertices in common whose order in Pr, is 
r=i i,,i, 03 ,...,i, = s, k>2 
Thenilandil+,(Z=0,1,2 ,..., k - 1) lie on the same circuit of I(A). 
Proof. Consider the paths between i, and ir, i. Let P, be a path from it 
to il+l in P,,, and P, a path between i, and il+, in P,,. There exist two 
situations. 
- ^ 
-- 1--- 
In Figure 1, P,, is ri,, z1z2, i,i,, i,s; PSr is si,, i,i,, i,i,, i,r. Between i, 
and i,, P, = i,i, and P, = r z4t3. They are opposite in direction. But between 
i, and i,, P, = i,i, and P, = G. They have the same direction. 
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FIG. 1. 
Case 1. P, c P,., and P, c Psr are opposite in direction, that is, P, is the 
path with origin i, and end i,, 1, and P2 is the path with origin i,+l and 
end i,. Since there are no common vertices of Pr,T and p,, between i, and 
i,, 1 in P,, the paths P, and P, clearly form a circuit containing i, and i,, 1 
(Figure 2). 
Case 2. P, c P,.Y and P, c ?,, have the same direction, that is, both P, 
and P2 are the paths with origin i, and end il+l. Since both P, and Pz are 
shortest paths from i, to ii+l, they have the same length. Without loss of 
generality, we choose P, = P,. Because there are no common vertices of Pr, 
and P,, between i, and i,,,, P, (= P,) must be an arc connecting i, and 
i,, 1. But r(A) is strongly connected, so there must exist a path P,? from il+, 
to i,. P, and the arc G form a circuit containing i, and i,, 1 in r( A) 
(Figure 3). n 
THEOREM 3. Let A be an irreducible matrix, and let h be a,n eigenvalue 
of A which is a boundary point of the union of the ovals Dij [i, j E y, 
y E g(A).] Zf vertex r and vertex s of T( A) do not lie on the same circuit of 
T(A) and k is the same as that in Lemma 3, then 
I. when k is odd, h is a boundary point of the oval (Z - arr I IZ - 
ass I < R,( A)&( A); 
FIG. 2. 
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it+, 
Frc. 3. 
II. when k is even, A is a boundary point of the oval 12 - urrJ 12 - 
ass/ < R,(A)R,(A) if and only if IA - arrl = R,(A) OT Ih - ass1 = R,(A). 
Proof. If h E (T(A) is a boundary point of the union of the ovals bij 
[i #j, i,j E y, y E ‘Z(A)], then i, = r, i,, . . . , i, = s are common vertices 
of Pr, and p,,. From Lemma 3, i, and i,, i (1 = 0, 1,2,. . . , k - 1) lie on the 
same circuit of I’(A). By Theorem 2, A is a boundary point of each of the 
ovals 
Iz - a,iill I2 - a tI+,il+,l G 'i,( A)R~,+,( A) (E=0,1,2 ,...) k-l). 
Thus we obtain for 1 = 0, 1,2,. . , , k - 1 
IA - aili, IA - a,,++,+,1 = R,,(A)&,+,(A). (3.1) 
By multiplying we obtain 
IA - arrl IA - ai,i,?lA - aiziz12 ‘.. IA - a,l_,ii_,121A - ass1 
= fl,(A)[R,1(A)]2[Ri2(A)]2 *.. [R~k_l(A)]eR,(A). (3.2) 
I: If k is odd, then by (3.1) with 1 = 1,3, . . . , k - 2, the k - 1 square 
terms (which are all nonzero) occurring in both sides of (3.2) exactly cancel. 
Thus 
IA - a,.,.( IA - up,1 = R,(A)&(A), 
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which shows that A is a boundary point of the oval 
IZ - urrl 12 - ass1 < R,( A) R,( A). (3.3) 
II: Suppose k is even. If (A - a,.,./ = R,(A), by (3.1) with I = 0 we have 
IA - q,i,l = flil( A). 
Then by (3.1) with 1 = 1 
IA - ai2i21 = Riz( A). 
Continuing the process in this way, we have 
IA - ass1 = R,( A) 
and 
as desired. 
If IA - urrl # R,(A), there are two subcases: 
(1) If IA - urrl > R,(A) > 0, then by (3.1) with 
IA - a,,,il < Rji( A), 
and by (3.1) with I = 1 
IA - q2i21 > RiZ( A). 
4)) 
I=0 
Continuing the process in this way and noting that k is even, we have 
tA - ass1 > B,(A). 
Thus 
I A - qrl I A - as,71 > R,( A) fi,( A), 
which shows that A is not a boundary point of the oval (3.3). 
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(2) If IA - ar,.l < R.(A), by a similar process to (11, we have 
iA - %I IA - ass1 < R,( A) R,$( A), 
which shows that A is an inner point of the oval (3.3). This contradicts the 
conditions of the theorem. n 
COROLLARY 2. Let A be irreducible, and h be an eigenvalue of A which 
is a boundary point of the union of the ovals Di, (i # j, i, j = I, 2, . . . , n). If 
vertex r and vertex s of IX A) d o not lie on the same circuit of I’( A), then A 
is a boundary point of the oval (3.3) if and only if \ h - arrl = R,(A) or 
IA - uFsl = R,(A). 
Proof. Let k be the same as that in Lemma 3. If k is even, by Theorem 
3 the conclusion is obvious. So we only need to prove the case when k is odd. 
Since A is a boundary point of the union of the ovals Dij, we have 
IA - a,,/ IA - ajjl > Rj( A)l$( A), i #j, i,j = 1,2 ,...,n. (3.4 
If I A - arr 1 f R,( A), without loss of generality, suppose 
IA - arrl > R,( A). 
By (3.1) and k > 3, 
Thus 
IA - a,,i,l IA - q3J < fCl( A) R,,,( A), 
which contradicts (3.4) and thus completes the proof. n 
THEOREM 4. Let A be irreducible, and let A E C be a boundary point of 
the union of the ovals Dij (i + j, i, j = 1,2,. . . , n>. Then A is a boundary 
point of each of the ovals 
12 - aiiI I2 - ajjI < Ri( A) Ej( A), i +j, i, j = I,2 ,...,n, (4-I) 
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if and only if one of the following conditions holds: 
I. n = 2; 
II. n > 3, and A is a boundary point of each of the closed discs 
tz - aiil G Ri( A), i = 1,2 ,..., n. (4.2) 
Proof. I: Obvious. 
II. It suffices to prove the necessity. Since A is irreducible, it follows 
R,(A) > 0, i = 1,2,. . ., n. Suppose that A is a boundary point of each of the 
ovals (4.1); then 
Ih - a,,/ IA - ajjl = Rj( A)Rj( A), i #j, i,j = 1,2 ,...,n. (4.3) 
Suppose for some i (for example i = l), IA - allI f R,(A). Then, without 
loss of generality, suppose IA - aIll > R,(A). In (4.3), taking i = 1, j = 2, 
andi=Zj=3,wehave 
Thus 
IA - az21 < B2( A), 
IA - a3al > Rs( A). 
IA - alli IA - a,,/ > R,( A)R,( A), 
which contradicts (4.3). 
Theorem 4 shows that Brauer’s theorem is false except for trivial cases. 
The theorems in this paper also hold when the rows are replaced by the 
columns. 
4. EXAMPLES 
The following examples show how to apply Theorem 2 and Theorem 3. 
EXAMPLE 2. Let 
1 1 1 
A,= [ 2 4 1 0 0, 1 2 
which is the same as that in Example 1. 
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FIG. 4. 
The pairs of vertices {1,2} and (1,3) lie on the same circuit of r(A), 
(Figure 4). By Theorem 2, h = 0 is a boundary point of the ovals 
and 
[Z - 11 (Z - 41 =G 2 x 2 
tz - 11 /z - 21 < 2 x 1. 
The pair of vertices {2,3} does not lie on the same circuit of r(A), P,, 
and P,, have three vertices in common (k = 21, and A = 0 does not satis@ 
(A - 41 = 2 (or (A - 2( = 1) 
Thus by Theorem 3, A = 0 is not a boundary point of the oval 
/z - 41 \z - 21 < 2 x 1. 
EXAMPLE 3. Let 
2 1 0 0 
Then A, is irreducible and A = 0 E (T(A~). The vertex pairs {1,2), i&3), 
and {3,4} lie on the same circuit of IY A) (Figure 5). 
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4 
1 
2 
FIG. 5. 
Since A is a boundary point of the union of the ovals 
the vertex pair (1,4) does not lie on the same circuit of 
odd. By Theorem 3, h is a boundary point of the oval. 
12 - 2112 - 11 < 1 x 2. 
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